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Abstract -Given a finite group G and a number field k, a well-known conjecture asserts
that the set Rt(k,G) of Steinitz classes of tame G-Galois extensions of k is a subgroup of the
ideal class group of k. In this paper we investigate an explicit candidate for Rt(k,G), when
G is of odd order. More precisely, we define a subgroupW(k,G) of the class group of k and
we prove that Rt(k,G) ⊆ W(k,G). We show that equality holds for all groups of odd order
for which a description of Rt(k,G) is known so far. Furthermore, by refining techniques
introduced in [8], we use the Shafarevich-Weil Theorem in cohomological class field theory,
to construct some tame Galois extensions with given Steinitz class. In particular, this
allows us to prove the equality Rt(k,G) =W(k,G) when G is a group of order dividing ℓ4,
where ℓ is an odd prime.
1 Introduction
Let K/k be an extension of number fields and let OK and Ok be the rings of integers
of K and k respectively. Then
OK ∼= O[K:k]−1k ⊕ I
as Ok-modules, where I is an ideal in Ok which is determined by the extension K/k
up to principal ideals. The ideal class of I is called the Steinitz class st(K/k) of the
extension.
For a number field k, denote by Cl(k) the class group of k. If G is a finite
group, one can consider the set of all Steinitz classes which arise from tame G-Galois
extensions of k:
Rt(k,G) = {x ∈ Cl(k) : ∃K/k tame Galois, Gal(K/k) ∼= G, st(K/k) = x}.
There is no known description of Rt(k,G) in general, but in all cases for which it
is known it turns out to be a subgroup of the ideal class group of k. This leads to
formulate the following conjecture.
Conjecture 1.1. For any number field k and any finite group G, Rt(k,G) is a subgroup
of Cl(k).
The conjecture is known to hold for abelian groups as a consequence of the results
of the paper [14] by Leon McCulloh. An explicit description of Rt(k,G) for abelian
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groups of odd order was first found by Lawrence Paul Endo in his unpublished PhD
thesis [10], in which he also obtained some explicit results in the even case.
Concerning nonabelian groups, there are a lot of results for groups of some parti-
cular shape, however sometimes with restrictions on the base field k. A list of recent
results includes [1], [2], [4], [5], [6], [7], [8], [9], [11], [12], [13], [18], [20], [21] and [22].
The aim of this paper is to develop some new ideas to improve the results of [8]
and [9]. In Section 2 we generalize [8, Lemma 3.14], obtaining some limitations on
the prime ideals which can ramify in tame Galois extensions of a number field with
Galois group G. In particular, this gives an inclusion of Rt(k,G) in an explicitly
described subgroup of Cl(k), which we baptize W(k,G) (see Definition 2.11). It
seems natural to ask whether this inclusion is always an equality for groups of odd
order (see Question 2.18), while some results contained in [10] give counterexamples
already for abelian groups of even order. Note, in particular, that a positive answer
to Question 2.18 would have Conjecture 1.1 as a consequence (for groups of odd
order).
In Section 3 we extend the result of [8, Proposition 3.13], using a theorem by
Shafarevich and Weil as a tool to construct Galois extensions of a given number field.
The main idea is to use some cohomological information encoded in the reciprocity
map of an abelian extension of a number field, which is itself a Galois extension of a
smaller field.
In the last two sections we answer affirmatively to Question 2.18 for A′-groups
of odd order (A′-groups have been introduced in [8], see also Definition 4.1) and for
ℓ-groups of order up to ℓ4, where ℓ is an odd prime.
The case of groups of prime power order already shows some interesting com-
plications, since for instance a two-step approach corresponding to a given splitting
of the group as a semidirect product is not always enough to obtain all the needed
Steinitz classes. The difficulty here comes from those extensions with prime ideals
ramifying in both steps which, contrary to the case of A′-groups, cannot be left out.
More precisely, given an arbitrary element τ ∈ G, we need to exhibit tame G-Galois
extensions such that τ is a generator of the inertia group of some prime ideals be-
longing to some prescribed ideal classes. To this aim, in Section 5, we develop a
technique involving the construction of a larger Galois extension of the ground field,
whose Galois group has G as a quotient (see the proof of Lemma 5.8). This method
may be used to prove the equality Rt(k,G) = W(k,G) for a lot of other groups G
of some particular kind. Anyway, we do not believe that it is worth to include more
examples and we feel that one probably needs significantly new ideas to get some
more general results.
2 Some necessary conditions for the ramification
of prime ideals in tame Galois extensions
For the rest of the paper we will use the letter G to denote a finite group. For any
τ ∈ G, let NG(τ) (resp. CG(τ)) be the normalizer (resp. the centralizer) of the
subgroup of G generated by τ and let o(τ) be the order of τ . For a positive integer
s, ζs will denote a primitive s-th root of unity. Finally we will always use the letter
ℓ only for rational prime numbers, even if not explicitly indicated.
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For any τ ∈ G, we define a homomorphism
ϕτ : NG(τ)→ (Z/o(τ)Z)×
by ϕτ (σ) = α, where στσ
−1 = τα. Furthermore, if k is a number field, we need the
cyclotomic character
νk,τ : Gal(k(ζo(τ))/k)→ (Z/o(τ)Z)×,
which is defined by νk,τ (g) = β, where g(ζo(τ)) = ζ
β
o(τ). Note that νk,τ is injective.
We also set
Hk,G,τ = ν
−1
k,τ (ϕτ (NG(τ))) ⊆ Gal(k(ζo(τ))/k)
and we call Ek,G,τ the subfield of k(ζo(τ)) which is fixed by Hk,G,τ .
Remark 2.1. We have the following commutative diagram
ϕ−1τ (νk,τ (Gal(k(ζo(τ))/k)))
  ι //
ν−1k,τ◦ϕτ

NG(τ)
ϕτ

Gal(k(ζo(τ))/k)
νk,τ
// (Z/o(τ)Z)×
and it is easy to verify that ϕ−1τ (νk,τ(Gal(k(ζo(τ))/k))) is the pullback of ϕτ and νk,τ .
Its image in Gal(k(ζo(τ))/k) is exactly Hk,G,τ .
We start proving some elementary properties of the number fields Ek,G,τ , which
will be useful throughout the paper.
Lemma 2.2. Suppose that G = H ⋊µ G is the (internal) semidirect product of two
subgroups, H and G. Then, for all σ ∈ G, we have
Ek,G,σ = Ek,G,σ.
If H is abelian, then, for all τ ∈ H, Ek,G,τ coincides with the Ek,µ,τ defined in [8,
Section 3.1].
Proof. Let σ ∈ G and let σ1 ∈ G, τ1 ∈ H be such that σ1τ1 ∈ NG(σ). Then
σϕσ(σ1τ1) = σ1τ1στ
−1
1 σ
−1
1 = (σ1τ1σ
−1
1 )(σ1στ
−1
1 σ
−1σ−11 )σ1σσ
−1
1 .
Since σ1τ1σ
−1
1 , σ1στ
−1
1 σ
−1σ−11 ∈ H and each element of G can be written uniquely
as a product of an element of H and one of G, we deduce that
(σ1τ1σ
−1
1 )(σ1στ
−1
1 σ
−1σ−11 ) = 1
and
σϕσ(σ1τ1) = σ1σσ
−1
1 .
Hence σ1 ∈ NG(σ) and ϕσ(σ1τ1) = ϕσ(σ1). Therefore we obtain
ϕσ(NG(σ)) = ϕσ(NG(σ)),
i.e.
Ek,G,σ = Ek,G,σ.
The second part of the lemma is trivial.
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Lemma 2.3. Let σ ∈ G and n ∈ N. Then
Ek,G,σn ⊆ Ek,G,σ.
In particular if τ ∈ G generates the same cyclic subgroup as σ, then
Ek,G,σ = Ek,G,τ .
Proof. We consider the restriction
res : Gal(k(ζo(σ))/k)→ Gal(k(ζo(σn))/k)
and the projection
π : (Z/o(σ)Z)× → (Z/o(σn)Z)×.
Using that NG(σ) ⊆ NG(σn), we get commutative diagrams
NG(σ)
ϕσ
//
 _
ι

(Z/o(σ)Z)×
π

NG(σ
n)
ϕσn
// (Z/o(σn)Z)×
Gal(k(ζo(σ))/k)
νk,σ
//
res

(Z/o(σ)Z)×
π

Gal(k(ζo(σn))/k)
νk,σn
// (Z/o(σn)Z)×.
Therefore Hk,G,σ ⊆ res−1(Hk,G,σn), since
Hk,G,σ = ν
−1
k,σ(ϕσ(NG(σ)))
⊆ res−1(ν−1k,σn(νk,σn(res(ν−1k,σ(ϕσ(NG(σ)))))))
= res−1(ν−1k,σn(π(νk,σ(ν
−1
k,σ(ϕσ(NG(σ)))))))
⊆ res−1(ν−1k,σn(π(ϕσ(NG(σ)))))
= res−1(ν−1k,σn(ϕσn(ι(NG(σ)))))
⊆ res−1(ν−1k,σn(ϕσn(NG(σn)))) = res−1(Hk,G,σn).
Now the fixed field of res−1(Hk,G,σn) in k(ζo(σ)) coincides with the fixed field ofHk,G,σn
in k(ζo(σn)), i.e. with Ek,G,σn. Therefore
Ek,G,σn ⊆ Ek,G,σ.
Lemma 2.4. Let σ, τ ∈ G, then
Ek,G,σ = Ek,G,τστ−1.
Proof. We observe that NG(τστ
−1) = τNG(σ)τ
−1. Further, for any ρ ∈ NG(σ), we
have
(τστ−1)ϕτστ−1(τρτ
−1) = (τρτ−1)(τστ−1)(τρτ−1)−1
= τρσρ−1τ−1 = τσϕσ(ρ)τ−1 = (τστ−1)ϕσ(ρ),
i.e.
ϕτστ−1(τρτ
−1) = ϕσ(ρ).
Therefore
ϕτστ−1(NG(τστ
−1)) = ϕτστ−1(τNG(σ)τ
−1) = ϕσ(NG(σ))
and, since clearly νk,σ = νk,τστ−1, we conclude that Hk,G,σ = Hk,G,τστ−1, and therefore
Ek,G,σ = Ek,G,τστ−1 .
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We recall the following important definition from [10, Section I.2] (see also [8,
Definition 2.8 and Proposition 2.10]).
Definition 2.5. For any finite abelian extension K/k of number fields, we define
W (k,K) = NK/kJK · Pk/Pk ⊆ Cl(k),
where JK is the group of fractional ideals of K, Pk is the group of principal ideals in
k and the map NK/k is induced by the norm from K to k. For any positive integer
m, we use the notation W (k,m) =W (k, k(ζm)).
The following lemma is an immediate consequence of the definition.
Lemma 2.6. Let L ⊇ K ⊇ k be number fields. Then
W (k, L) ⊆W (k,K).
Proof. Actually: NL/kJL = NK/k(NL/KJL) ⊆ NK/kJK .
For an integer n and a prime number ℓ, we will always indicate by n(ℓ) the
greatest power of ℓ dividing n. For an element σ ∈ G of order o(σ), we will denote
by σ(ℓ) the element σo(σ)/o(σ)(ℓ) , which is of order o(σ)(ℓ). Further we will denote by
G{ℓ} the set of all the elements σ ∈ G such that σ(ℓ) = σ, i.e. of all the elements of
order a power of ℓ.
Let A be a subgroup of an abelian group B (written multiplicatively). For t ∈
1
2
N ⊂ Q, we set
AtB =
{
{x ∈ A : ∃ a ∈ A, x = at} if t ∈ N
{x ∈ B : ∃ a ∈ A, x2 = a2t} if t 6∈ N. .
In the above notation, we shall always omit the index B, since it will be clear
from the context (actually B will be an ideal class group).
We explicitly remark that in general A 6= (A2)1/2. For example, if A is the trivial
subgroup of the group B with 2 elements, then (A2)1/2 = B 6= A.
Lemma 2.7. Let m, n be positive integers. If every prime q dividing n also divides
m, then W (k,m)n ⊆ W (k,mn).
Proof. By the assumptions on m and n, we have that
[Q(ζmn) : Q(ζm)] =
φ(mn)
φ(m)
= n,
and this is a multiple of [k(ζmn) : k(ζm)]. Now, for any x ∈ W (k,m), there exists an
ideal I in k(ζm) such that Nk(ζm)/kI is in the class of x. Hence we can conclude that
xn ∈ W (k,mn), since
(Nk(ζm)/kI)
n = Nk(ζmn)/k(I
n/[k(ζmn):k(ζm)]Ok(ζmn)).
The inclusion W (k,m)n ⊆W (k,mn) follows.
Lemma 2.8. Let A be a subgroup of an abelian group B. If d|m, then Am/2 ⊆ Ad/2.
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Proof. Let x ∈ Am/2. If d is even, then also m must be even, and it is clear that
x ∈ Ad/2. If d is odd, then x2 ∈ Am ⊆ Ad, i.e. x ∈ Ad/2.
Lemma 2.9. Let A be a subgroup of an abelian group B, let m1, . . . , mn be positive
integers and let d be their greatest common divisor. Then
n∏
i=1
Ami/2 = Ad/2.
Proof. ⊆ By Lemma 2.8, we have Ami/2 ⊆ Ad/2 for i = 1, . . . , n.
⊇ Let x ∈ Ad/2 and let c1, . . . , cn ∈ Z be such that
∑n
i=1 cimi = d. If d is even,
then also every mi is even, and there exists a ∈ A such that
x = ad/2 = a
∑n
i=1 cimi/2 =
n∏
i=1
(aci)mi/2 ∈
n∏
i=1
Ami/2.
If d is odd, then there exists a ∈ A such that x2 = ad. Now let i ∈ {1, . . . , n}.
If mi is odd, then
(xcimi/d)2 = ad(cimi/d) = acimi,
i.e.
xcimi/d ∈ Ami/2.
If mi is even, then
xcimi/d = x2cimi/(2d) = adcimi/(2d) = acimi/2 ∈ Ami/2.
Hence
x = x
∑n
i=1 cimi/d =
n∏
i=1
xcimi/d ∈
n∏
i=1
Ami/2.
If G is a group and S is a subset of G containing 1, we use the notation S∗ for
the subset S \ {1}.
Proposition 2.10. Let k be a number field and let G be a finite group. Then, for
i = 0 or 1, we have∏
τ∈G∗
W (k, Ek,G,τ)
o(τ)−1
2i
#G
o(τ) =
∏
ℓ|#G
∏
σ∈G{ℓ}∗
W (k, Ek,G,σ)
ℓ−1
2i
#G
o(σ) .
Proof. ⊆ Using [8, Lemma 3.16], Lemma 2.8 and Lemma 2.9 (for the first in-
clusion in the following formula), Lemma 2.3 and Lemma 2.6 (for the second
inclusion in the following formula), we see that
W (k, Ek,G,τ)
o(τ)−1
2i
#G
o(τ) ⊆
∏
ℓ|o(τ)
W (k, Ek,G,τ)
ℓ−1
2i
#G
o(τ)(ℓ)
⊆
∏
ℓ|o(τ)
W (k, Ek,G,τ(ℓ))
ℓ−1
2i
#G
o(τ(ℓ))
⊆
∏
ℓ|#G
∏
σ∈G{ℓ}∗
W (k, Ek,G,σ)
ℓ−1
2i
#G
o(σ) .
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⊇ Let σ ∈ G{ℓ}∗, where ℓ is a prime number dividing #G, and set σ˜ = σo(σ)/ℓ.
Clearly
gcd
(
(ℓ− 1)#G
ℓ
, (o(σ)− 1) #G
o(σ)
)
= (ℓ− 1) #G
o(σ)
. (1)
Hence, using Lemma 2.3, Lemma 2.6 and Lemma 2.9,
W (k, Ek,G,σ)
ℓ−1
2i
#G
o(σ) =W (k, Ek,G,σ)
ℓ−1
2i
#G
ℓ W (k, Ek,G,σ)
o(σ)−1
2i
#G
o(σ)
⊆W (k, Ek,G,σ˜)
o(σ˜)−1
2i
#G
o(σ˜)W (k, Ek,G,σ)
o(σ)−1
2i
#G
o(σ)
⊆
∏
τ∈G∗
W (k, Ek,G,τ)
o(τ)−1
2i
#G
o(τ) .
Definition 2.11. Let k be a number field and G be a finite group. Then we set
W(k,G) =
∏
τ∈G∗
W (k, Ek,G,τ)
o(τ)−1
2
#G
o(τ) =
∏
ℓ|#G
∏
σ∈G{ℓ}∗
W (k, Ek,G,σ)
ℓ−1
2
#G
o(σ) ⊆ Cl(k).
We now come to the principal results of this section. We shall show that the
classes of primes ramifying in a tame G-Galois extension of k have to satisfy some
conditions. As a consequence, we will get the inclusion Rt(k,G) ⊆ W(k,G).
If K/k is a Galois extension of number fields and P is a prime ideal in K, we
denote by D(K/k,P) (resp. I(K/k,P)) the decomposition group (resp. the inertia
group) of P in K/k. Further we denote by d(K/k) the discriminant of K over k.
Proposition 2.12. Let K/k be a tame G-Galois extension of number fields, let p be
a prime of k ramifying in K/k and let τ be a generator of I(K/k,P), where P is a
prime of K dividing p. Then
x ∈ W (k, Ek,G,τ),
where x is the class of p in Cl(k).
Proof. Let P˜ be a prime above P in K(ζo(τ)). In order to show that x ∈ W (k, Ek,G,τ),
we will prove that D(K(ζo(τ))/k, P˜) is contained in Gal(K(ζo(τ))/Ek,G,τ). It will
follow that p has inertia degree 1 in Ek,G,τ/k, and hence that it is the norm of an
ideal in Ek,G,τ/k.
Recall that there is a canonical isomorphism between I(K/k,P) and a subgroup
of the units of the residue field κP of K at P, which is easily seen to be invariant with
respect to the action of the decomposition group of P in K/k (see [19, Proposition
IV.2.7]). Hence κ×P contains an element of order o(τ) and therefore κP = κP˜, where
the latter denotes the residue field of K(ζo(τ)) at P˜.
Let now δ ∈ D(K(ζo(τ))/k, P˜). Then δ|K ∈ NG(τ), since δ|K ∈ D(K/k,P) and
I(K/k,P) ⊳ D(K/k,P). By definition,
τϕτ (δ|K) = (δ|K)τ(δ|K)−1
and therefore, using the invariance of the above mentioned isomorphism, δ|K (and
hence also δ) acts as raising to the power ϕτ (δ|K) on the subgroup of order o(τ) of
7
κ×P = κ
×
P˜
. Recalling that the powers of ζo(τ) are distinct modulo P˜ (since P˜ ∤ o(τ)),
we get that
ζ
νk,τ (δ|k(ζo(τ))
)
o(τ) = δ(ζo(τ)) = ζ
ϕτ (δ|K )
o(τ) .
In particular, νk,τ (δ|k(ζo(τ))) = ϕτ (δ|K), i.e.
δ|k(ζo(τ)) ∈ Hk,G,τ = Gal(k(ζo(τ))/Ek,G,τ).
Thus
δ ∈ Gal(K(ζo(τ))/Ek,G,τ)
and, since the choice of δ ∈ D(K(ζo(τ))/k, P˜) was arbitrary, we have
D(K(ζo(τ))/k, P˜) ⊆ Gal(K(ζo(τ))/Ek,G,τ).
This shows that x ∈ W (k, Ek,G,τ).
Theorem 2.13. Let k be a number field and G a finite group. Then
Rt(k,G) ⊆ W(k,G).
Proof. Let K/k be a tame Galois extension with Galois group G. Its discriminant is
d(K/k) =
∏
p
p
(ep−1)
#G
ep ,
where the product runs over the primes p of k which ramify in K/k and whose
ramification index in K/k is denoted by ep. Note that ep equals the order of an
element τ generating the inertia group of a prime ideal P of K dividing p.
If G has odd order or noncyclic 2-Sylow subgroups, then d(K/k) is the square
of an ideal whose class is st(K/k), by [8, Theorem 2.1]. Hence, in this case, using
Proposition 2.12 we obtain
st(K/k) ∈
∏
τ∈G∗
W (k, Ek,G,τ)
o(τ)−1
2
#G
o(τ) =W(k,G).
If G has nontrivial cyclic 2-Sylow subgroups, then by [8, Theorem 2.1] and Propo-
sition 2.12 we only obtain
st(K/k) ∈
(∏
τ∈G∗
W (k, Ek,G,τ)
(o(τ)−1) #G
o(τ)
)1/2
i.e., using Proposition 2.10,
st(K/k)2 ∈
∏
ℓ|#G
∏
σ∈G{ℓ}∗
W (k, Ek,G,σ)
(ℓ−1) #G
o(σ) .
This means that, for every ℓ|#G and every σ ∈ G{ℓ}∗, there exists xσ ∈ W (k, Ek,G,σ)
such that
st(K/k)2 =
∏
ℓ|#G
∏
σ∈G{ℓ}∗
x
(ℓ−1) #G
o(σ)
σ .
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In the above formula, the only odd exponents in the right-hand side are those corre-
sponding to the elements σ ∈ G of order #G(2) (see the notation after Lemma 2.6).
For all the other terms we have∏
ℓ|#G
∏
σ∈G{ℓ}∗
o(σ)6=#G(2)
x
ℓ−1
2
#G
o(σ)
σ ∈
∏
ℓ|#G
∏
σ∈G{ℓ}∗
W (k, Ek,G,σ)
ℓ−1
2
#G
o(σ) .
Further
st(K/k)∏
ℓ|#G
∏
σ∈G{ℓ}∗
o(σ)6=#G(2)
x
− ℓ−1
2
#G
o(σ)
σ


2
∈
∏
σ∈G: o(σ)=#G(2)
W (k, Ek,G,σ)
#G
o(σ) .
By the Sylow Theorems, all the 2-Sylow subgroups of G are conjugate to a single
cyclic group, generated, say, by an element σ˜. Hence, for every σ ∈ G of order
#G(2), there exists τ ∈ G such that 〈σ〉 = 〈τ σ˜τ−1〉. Therefore, by Lemma 2.4 and
Lemma 2.3, for all such σ, Ek,G,σ = Ek,G,σ˜. So we obtain
st(K/k)
∏
ℓ|#G
∏
σ∈G{ℓ}∗
o(σ)6=#G(2)
x
− ℓ−1
2
#G
o(σ)
σ ∈ W (k, Ek,G,σ˜)
1
2
#G
o(σ˜) .
i.e.
st(K/k) ∈
∏
ℓ|#G
∏
σ∈G{ℓ}∗
W (k, Ek,G,σ)
ℓ−1
2
#G
o(σ) =W(k,G).
This completes the proof.
Remark 2.14. Using the results of L. McCulloh on realizable classes, one can obtain
a different proof of Theorem 2.13. More precisely for a tame G-Galois extension
K/k, let clOk[G](OK) denote the class defined by OK in the projective class group
Cl(Ok[G]). Then McCulloh proved that, for every number field k and every group
G, the set
R(Ok[G]) = {ξ ∈ Cl(Ok[G]) : ∃K/k tame Galois, Gal(K/k) ∼= G, clOk[G](OK) = ξ}
is contained in the kernel of a homomorphism defined on Cl(Ok[G]) (see [15]). He
then used this inclusion to derive an equivalent version of Theorem 2.13 (see [16]).
One may wonder for which groups the inclusion of the above theorem is actually
an equality (for every number field k). It is easy to find groups of even order for
which the inclusion may be strict for some number fields.
Example 2.15. Let k = Q(i,
√
10) and G = C(8) be a cyclic group of order 8. The
field k(ζ8) is obtained extending k with a root of the polynomial x
2 − i, whose roots
are ζ8 and ζ
5
8 . Hence
Gal(k(ζ8)/k) ⊆ Gal(Q(ζ8)/Q) = (Z/8Z)×
is of order 2 and is generated by the class of 5. In particular it is different from the
subgroups generated by the class of −5 and by the class of −25. We obtain by [10,
II.2.6] that
Rt(k, C(8)) = W (k, 8).
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On the other hand, it is easy to verify, using Lemma 2.7, thatW(k, C(8)) = W (k, 8) 12 .
We now show that Rt(k, C(8)) 6= W(k, C(8)). Actually, an easy calculation with
PARI/GP shows that Cl(k(ζ8)) is trivial, while Cl(k) is of order 2. It follows that
Rt(k, C(8)) = W (k, 8) is the trivial group, while W(k, C(8)) = W (k, 8) 12 is equal to
Cl(k), which is of order 2.
On the other hand, for a lot of groups of odd order, including those for which
Conjecture 1.1 is known to hold so far, we will show in Sections 4 and 5 that the
inclusion of Theorem 2.13 is indeed an equality (for every number field k). To simplify
statements in the next sections, we will adopt the following working definitions.
Definition 2.16. Given a number field F , we will say that an extension K/k of
number fields satisfies the property P (F ) if it is tame, with no nontrivial unramified
subextensions and such that d(K/k) is prime to d(F/Q). To simplify notations we
will say that K/k satisfies P (s) if it satisfies P (k(ζs)).
Definition 2.17. We call a finite group G very good if the following conditions hold:
1. For every number field k, we have
Rt(k,G) =W(k,G).
2. For every number field k, for every class x ∈ Rt(k,G) and every positive integer
s, there exists a G-Galois extension K/k with Steinitz class x and satisfying
P (s).
It is clear that a very good group of odd order is also good, in the sense of [8,
Definition 3.15]. Further it seems reasonable to expect that the second condition of
the above definition is satisfied for every group G, including those not satisfying the
first condition.
With these definitions and in view of the results that will be proved in Sections
4 and 5, it seems natural to ask the following question.
Question 2.18. Is every group G of odd order very good?
Of course a positive answer would also imply Conjecture 1.1 for all groups of odd
order.
We do not know the answer to Question 2.18, but we suspect that it might be
affirmative. The main point here is to construct tame G-Galois extensions with some
given Steinitz classes; of course this could be very difficult in general, but in the next
section we will give some results in this direction.
3 Constructive inclusion
In this section we develop some techniques, which we will need in the last two sections
to construct some tame Galois extensions of number fields with given Galois groups
and Steinitz classes.
Let G be a finite group and let H be an abelian group. Let µ : G → Aut(H) be
an action of G on H and let G be a group such that there exists an exact sequence
1→ H → G→ G → 1 (2)
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and the action of G on H induced by the conjugation coincides with µ. Let k1 be a
G-Galois extension of a number field k and K/k1 an H-Galois extension such that
K/k is Galois with Galois group G. Let Ck1 be the ide`le class group of k1.
Theorem 3.1 (Shafarevich-Weil). With notation and hypotheses as above, the reci-
procity map ( , K/k1) : Ck1 → H induces a map
H2(G, Ck1)→ H2(G, H),
which sends the fundamental class u ∈ H2(G, Ck1) to the class of the group extension
(2). In particular, the image of u is trivial precisely when G is isomorphic to the
semidirect product H ⋊µ G.
Proof. See [17, Theorem 2.110].
Using Theorem 3.1 we can improve the result of [8, Proposition 3.13]. In that pa-
per, the action µ was assumed to be such that H2(G, H) is trivial. This assumption
is satisfied in some particular cases (for example when the orders of H and G are
coprime, by a theorem of Schur-Zassenhaus), but of course not in general. We are
going to use Theorem 3.1 to study groups G of the form H ⋊µ G, where H2(G, H) is
no more assumed to be trivial. The proof will work exactly as in [8], except for some
details, which are pointed out in what follows; for the unchanged parts we will refer
the reader to [8].
From now on, in this section, G will be of the form H⋊µG, where H is an abelian
group of odd order.
Lemma 3.2. Let s be a positive integer and let k1 be a tame G-Galois extension of
k satisfying P (s). Then there exists a tame H-Galois extension K of k1, such that
K/k is G-Galois and satisfying the following conditions.
1. The prime ideals ramifying in K/k1 are principal.
2. st(K/k1) = 1.
3. K/k1 satisfies P (s).
Proof. Choose a set {P1, . . . ,Pt} of prime ideals in k1 which are unramified over Q
and whose classes generate Cl(k1). Now recall the definition of the so-called content
map:
π : Ik1 → Jk1, α 7→
∏
p∤∞
pvp(αp),
where Ik1 and Jk1 are the ide`le group and the ideal group of k1, respectively. For
every i ∈ {1, . . . , t}, let πPi be a prime element in the completion (k1)Pi and let yi
be the ide`le in Ik1 whose component at Pi (resp. at any prime different from Pi) is
πPi (resp. 1).
Let u˜ : G × G → Ck1 be a cocycle, whose class in H2(G, Ck1) is the fundamental
class u. Recall that we have an exact sequence
1→
∏
P
UP/Uk1 → Ck1 π→ Cl(k1)→ 1,
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where Uk1 is the group of units of k1 and
∏
P UP ⊆ Ik1 is the group of unit ide`les.
Therefore, for all couples (ρ1, ρ2) ∈ G×G, we can find vρ1,ρ2 ∈
∏
P UP and λρ1,ρ2,j ∈ Z
such that u˜(ρ1, ρ2) is represented by vρ1,ρ2
∏t
j=1 y
λρ1,ρ2,j
j .
We add all the elements vρ1,ρ2 to the set {u1, . . . , uT} defined in [8], before Lemma
3.9. The arguments of [8, Lemma 3.10], with x = 1, give a tame H-Galois extension
K of k1, which is also Galois over k, and such that the action of G on H induced
by the conjugation is µ. Further, by construction, the kernel of the reciprocity map
( , K/k1) : Ck1 → Gal(K/k1) = H contains all the elements u˜(ρ1, ρ2) with ρ1, ρ2 ∈ G.
Therefore the image of the fundamental class by the reciprocity map corresponding
to the extension K/k1 must be trivial and so, by Theorem 3.1, the Galois group of
K/k must be isomorphic to H ⋊µ G.
Finally, the construction of the proof of [8, Lemma 3.10] implies that the primes
q1, . . . , qr+1 of k1 ramifying in K/k1 are in the class of x = 1, hence principal. Since
H is of odd order, we deduce that st(K/k1) = 1, i.e. we have proved conditions 1
and 2. As for condition 3, it follows, once more by the proof of [8, Lemma 3.10], that
K/k1 has no nontrivial unramified subextensions and that the qi can be chosen so
that their restrictions to Q are unramified in k1(ζs)/Q.
Lemma 3.3. Let s be a multiple of #H and let k1 be a tame G-Galois extension of
k satisfying P (s). For every prime number ℓ dividing #H and every τ ∈ H{ℓ}∗, let
xτ be any class in W (k, Ek,G,τ) and let Aτ , Bτ be nonnegative integers, with Aτ 6= 1.
Then there exists a tame H-Galois extension K of k1, such that K/k is G-Galois
and satisfying the following conditions.
1. The only nonprincipal prime ideals of k ramifying in K/k1 are (for every ℓ
dividing #H and every τ ∈ H{ℓ}∗):
(a) qτ,1, qτ,2, . . . , qτ,Aτ , in the class of xτ and such that, for any i = 1, . . . , Aτ ,
the inertia group of every prime of K dividing qτ,i is a conjugate of 〈τ o(τ)ℓ 〉;
(b) qτ,Aτ+1, qτ,Aτ+2, in the class of x
Bτ
τ and such that the inertia group of every
prime of K dividing qτ,Aτ+1 and qτ,Aτ+2 is a conjugate of 〈τ〉.
2. We have
st(K/k1) =
∏
ℓ|#H
∏
τ∈H{ℓ}∗
ι(xτ )
Aτ
ℓ−1
2
#H
ℓ
+Bτ (o(τ)−1)
#H
o(τ) ,
where ι : Cl(k)→ Cl(k1) is induced by the inclusion k ⊆ k1.
3. K/k1 satisfies P (s).
Proof. By Lemma 3.2 there exists a tame H-Galois extension K˜ of k1, such that
K˜/k is G-Galois, K˜/k1 is ramified only at principal ideals and it satisfies P (s).
Since k1/k satisfies P (s), by [8, Lemma 3.4] and Lemma 2.2, we have for every
τ ∈ H∗ that W (k, Ek,G,τ) = W (k, Zk1/k,µ,τ), where Zk1/k,µ,τ has been defined in
[8]. This observation will allow us to argue as in [8, Lemma 3.11], but replacing
W (k, Zk1/k,µ,τ) with W (k, Ek,G,τ).
As in the proof of Lemma 3.2, we add all the vρ1,ρ2 (defined in the proof of Lemma
3.2) to the set {u1, . . . , uT} defined in [8], before Lemma 3.9. Now, for every prime
number ℓ dividing #H , for every τ ∈ H{ℓ}∗ and for every i = 1, . . . , Aτ (resp.
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i = Aτ+1, Aτ+2) we choose prime ideals qτ,i in the class of xτ (resp. in the class of
xBττ ). For any i = 1, . . . , Aτ + 2, we also choose prime ideals Qτ,i in k1 dividing the
qτ,i and generators gQτ,i of the units of the residue fields κQτ,i. As in the proof of [8,
Lemma 3.11], we can assume that the qτ,i are unramified in k1(ζs)/Q and in K˜/k1.
For every prime number ℓ dividing #H , for every τ ∈ H{ℓ}∗ and for every
i = 1, . . . , Aτ + 2, we define ϕτ,i : κ
×
Qτ,i
→ H as follows. If Aτ is odd, we set
ϕτ,i(gQτ,i) =


τ
o(τ)
ℓ if i = 1, 2
τ−
2o(τ)
ℓ if i = 3
τ (−1)
i o(τ)
ℓ if 4 ≤ i ≤ Aτ
τ (−1)
i
if i = Aτ + 1, Aτ + 2.
If Aτ is even, we set
ϕτ,i(gQτ,i) =
{
τ (−1)
i o(τ)
ℓ if 1 ≤ i ≤ Aτ
τ (−1)
i
if i = Aτ + 1, Aτ + 2.
As in the proof of [8, Lemma 3.11], using that xτ ∈ W (k, Ek,G,τ), we can assume
that the Qτ,i and the gQτ,i are such that the ϕτ,i are D(k1/k,Qτ,i)-invariant. Hence,
for i = 1, . . . , Aτ + 2, we extend ϕτ,i to a G-invariant homomorphism
ϕ˜τ,i : ind
G
D(k1/k,Qτ,i)
κ×Qτ,i
∼=
∏
δ∈G/D(k1/k,Qτ,i)
κ×δ(Qτ,i) → H,
using the Frobenius reciprocity. We define ϕ0 :
∏
P κ
×
P → H , setting

ϕ0|κ×
δ(Qτ,i)
= ϕ˜τ,i for ℓ|#H , τ ∈ H{ℓ}∗, i = 1, . . . , Aτ + 2 and δ ∈ G
ϕ0|κ×P = 1 for all the other primes.
As in the proof of [8, Lemma 3.10], we can assume that all the elements uj are in the
kernel of ϕ0, so that we can extend ϕ0 to a G-invariant homomorphism ϕ : Ck1 → H ,
whose kernel contains a congruence subgroup of Ck1. Therefore taking the product
ϕ · ( , K˜/k1) : Ck1 → H,
we get a G-invariant homomorphism whose kernel contains a congruence subgroup
and which is surjective, by the assumptions on the ideals qτ,i.
By class field theory (see for example [8, Theorem 2.3 and Proposition 2,4]), we
obtain a tame H-Galois extension K of k1, which is Galois over k. The extension
K/k1 satisfies P (s), by the assumptions on the prime ideals qτ,i and the fact that
K˜/k1 satisfies P (s). As in the proof of Lemma 3.2, actually Gal(K/k) ∼= G. All the
requested properties hold, by construction, once more as in the proof of [8, Lemma
3.11].
For any G-Galois extension k1 of k, we define Rt(k1, k, G) ⊆ Cl(k1) as the set
of those ideal classes of k1 which are Steinitz classes of a tamely ramified H-Galois
extension K/k1, such that K/k is G-Galois.
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Lemma 3.4. Let s be a multiple of #H and let k1 be a tame G-Galois extension of
k satisfying P (s). Then∏
ℓ|#H
∏
τ∈H{ℓ}∗
ι (W (k, Ek,G,τ))
ℓ−1
2
#H
o(τ) ⊆ Rt(k1, k, G),
where ι : Cl(k) → Cl(k1) is induced by the inclusion k ⊆ k1. Further any class
in the left-hand side of the above inclusion is the Steinitz class of a tame H-Galois
extension K/k1 which satisfies P (s) and such that K/k is G-Galois.
Proof. Let
x =
∏
ℓ|#H
∏
τ∈H{ℓ}∗
x
ℓ−1
2
#H
o(τ)
τ ∈
∏
ℓ|#H
∏
τ∈H{ℓ}∗
W (k, Ek,G,τ)
ℓ−1
2
#H
o(τ) ,
with xτ ∈ W (k, Ek,G,τ). Let o(xτ ) be the order of xτ ∈ Cl(k). Since any prime ℓ
dividing #H is odd, for any τ ∈ H{ℓ}∗, using (1), we can find integers Aτ , Bτ > 1
such that
Aτ
ℓ− 1
2
#H
ℓ
+Bτ (o(τ)− 1)#H
o(τ)
≡ ℓ− 1
2
#H
o(τ)
(mod o(xτ ))
and, in particular, we have
x
Aτ
ℓ−1
2
#H
ℓ
+Bτ (o(τ)−1)
#H
o(τ)
τ = x
ℓ−1
2
#H
o(τ)
τ .
Hence we conclude by Lemma 3.3, with Aτ and Bτ as above.
Theorem 3.5. Let k be a number field and let G be a finite group of odd order
satisfying the second condition of Definition 2.17. Let H be an abelian group of odd
order, let µ : G → Aut(H) be an action of G on H and let G = H ⋊µ G. Then
Rt(k,G) ⊇ Rt(k,G)#H
∏
ℓ|#H
∏
τ∈H{ℓ}∗
W (k, Ek,G,τ)
ℓ−1
2
#G
o(τ) .
More precisely, for any class x in the right-hand side of the above inclusion and any
positive integer s, there exists a tame G-Galois extension K/k with Steinitz class x
and satisfying P (s).
Proof. We will prove directly the last assertion of the theorem. Note that it suffices
to prove it for s big enough. So let s be a positive integer which is a multiple of the
order of H . Let
x ∈ Rt(k,G)#H
∏
ℓ|#H
∏
τ∈H{ℓ}∗
W (k, Ek,G,τ)
ℓ−1
2
#G
o(τ)
and write x = y#Hz#G with y ∈ Rt(k,G) and z ∈
∏
ℓ|#H
∏
τ∈H{ℓ}∗ W (k, Ek,G,τ)
ℓ−1
2
#H
o(τ) .
By the hypothesis on G, we can find a tame G-Galois extension k1/k with Steinitz
class y and which satisfies P (s).
Further, by Lemma 3.4, there exists an H-Galois extension K/k1, which satisfies
P (s), which is Galois over k, with Galois group G, and with st(K/k1) = ι(z), where
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ι : Cl(k) → Cl(k1) is induced by the inclusion k ⊆ k1. Then, using a well-known
formula relating the Steinitz classes in towers of extensions (see for example [10,
Proposition I.1.2]), we get
st(K/k) = st(k1/k)
#HNk1/k(st(K/k1)) = y
#HNk1/k(ι(z)) = y
#Hz#G = x,
where Nk1/k : Cl(k1)→ Cl(k) is induced by the norm from k1 to k.
Remark 3.6. The techniques described in this section can be extended to groups of
even order, as in [7]. We have restricted our attention to groups of odd order only
to have cleaner proofs and statements (as already noticed, there are groups of even
order which are not very good). However the complications arising from extensions
of even degree vanish if we assume that the class number of the base field k is odd.
4 A′-groups of odd order
In this section we find some slightly more explicit descriptions for the results of [8].
In particular we prove that the answer to Question 2.18 is affirmative for the so-called
A′-groups of odd order, whose definition we now recall.
Definition 4.1. We define A′-groups inductively:
1. Finite abelian groups are A′-groups.
2. If G is an A′-group and H is a finite abelian group of order prime to that of G,
then H ⋊µ G is an A′-group, for any action µ : G → Aut(H) of G on H .
3. If G1 and G2 are A′-groups, then G1 × G2 is an A′-group.
Proposition 4.2. Let G be a very good group of odd order, let H be an abelian group
of odd order prime to that of G and let µ : G → Aut(H) be an action of G on H.
Then G = H ⋊µ G is very good. In particular abelian groups are very good.
Proof. Let π : G → G/H ∼= G be the projection. For any ℓ|#G and any σ ∈ G{ℓ},
there exists σ˜ ∈ G{ℓ} such that π(σ) = π(σ˜). Further, since σ and π(σ) have the
same order, it is straightforward to verify that
Hk,G,σ ⊆ Hk,G/H,π(σ) = Hk,G,σ˜.
Hence
Ek,G,σ ⊇ Ek,G,σ˜
and, by Lemma 2.6,
W (k, Ek,G,σ) ⊆W (k, Ek,G,σ˜).
We also observe that for ℓ|#H , H{ℓ} = G{ℓ}. Using Theorem 3.5 (but actually also
[8, Theorem 3.19] would work in this case) and the hypothesis that G is very good,
we then have:
Rt(k,G) ⊇ Rt(k,G)#H
∏
ℓ|#H
∏
τ∈H{ℓ}∗
W (k, Ek,G,τ)
ℓ−1
2
#G
o(τ)
=
∏
ℓ|#G
∏
σ∈G{ℓ}∗
W (k, Ek,G,σ)
ℓ−1
2
#G
o(σ)
∏
ℓ|#H
∏
τ∈H{ℓ}∗
W (k, Ek,G,τ)
ℓ−1
2
#G
o(τ)
⊇
∏
ℓ|#G
∏
σ∈G{ℓ}∗
W (k, Ek,G,σ)
ℓ−1
2
#G
o(σ) =W(k,G).
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The opposite inclusion is given by Theorem 2.13. By Theorem 3.5 and the hypothesis
that G is very good, also the second condition of Definition 2.17 is satisfied by G.
Proposition 4.3. Let G1,G2 be very good groups of odd order. Then G = G1×G2 is
very good.
Proof. Let ℓ be a prime number, let σ1 ∈ G1{ℓ}, σ2 ∈ G2{ℓ} be not both trivial.
Then o(σ1σ2) = max{o(σ1), o(σ2)} > 1 and let us assume o(σ1σ2) = o(σ1). Clearly
NG(σ1σ2) ⊆ NG(σ1) and, for every τ ∈ NG(σ1σ2), we have
ϕσ1σ2(τ) = ϕσ1(τ).
Therefore
Hk,G,σ1σ2 ⊆ Hk,G,σ1,
i.e.
Ek,G,σ1σ2 ⊇ Ek,G,σ1.
Using Lemma 2.6 and Lemma 2.2, we conclude that
W (k, Ek,G,σ1σ2)
ℓ−1
2
#G
o(σ1σ2) ⊆W (k, Ek,G,σ1)
ℓ−1
2
#G1·#G2
o(σ1) =W (k, Ek,G1,σ1)
ℓ−1
2
#G1
o(σ1)
#G2
and an analogous result holds when o(σ1σ2) = o(σ2). Hence, using the hypothesis
that G1 and G2 are very good groups of odd order,
W(k,G) =
∏
ℓ|#G
∏
σ∈G{ℓ}∗
W (k, Ek,G,σ)
ℓ−1
2
#G
o(σ)
⊆
∏
ℓ|#G1
∏
σ1∈G1{ℓ}∗
W (k, Ek,G1,σ1)
ℓ−1
2
#G1
o(σ1)
#G2
∏
ℓ|#G2
∏
σ2∈G2{ℓ}∗
W (k, Ek,G2,σ2)
ℓ−1
2
#G2
o(σ2)
#G1
= Rt(k,G1)#G2Rt(k,G2)#G1 .
In particular every class in W(k,G) is of the form x#G21 x#G12 , where xi ∈ Rt(k,Gi) for
i = 1, 2. Now let s be a positive integer: then, since G1 is very good, there exists a
tame G1-Galois extension k1/k with Steinitz class x1 and satisfying P (s). Further let
s˜ be a multiple of s such that all the primes ramifying in k1/k ramify also in k(ζs˜)/k.
Now, since also G2 is very good, there exists a tame G2-Galois extension k2/k with
Steinitz class x2 and satisfying P (s˜). The compositum K = k1k2 is a tame G-Galois
extension of k, satisfying P (s). Since k1 and k2 are linearly disjoint over k, we have
d(K/k) = d(k1/k)
#G2d(k2/k)
#G1 and hence, by [8, Theorem 2.1],
st(K/k) = x#G21 x
#G1
2 ,
since #G1 and #G2 are both odd.
Therefore W(k,G) ⊆ Rt(k,G) and the opposite inclusion is given by Theorem
2.13. Actually the above construction also proves the second property characterizing
very good groups.
Putting things together, we obtain a refinement of [8, Theorem 3.23].
Theorem 4.4. Every A′-group of odd order is very good.
Proof. Obvious, by induction, using the above results.
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5 Groups of order dividing ℓ4
In this section, ℓ is an odd prime. We want to show that the answer to Question
2.18 is affirmative for all nonabelian groups of order dividing ℓ4 (the abelian case is
covered by Theorem 4.4). Further the same is true for all groups of order ℓn and
exponent ℓn−1, for any positive integer n (these are actually the groups studied in
[9]).
Lemma 5.1. Let G be an ℓ-group and let τ ∈ G∗. Set
eτ =
o(τ)
#(NG(τ)/CG(τ))
.
Then ℓ|eτ and Ek,G,τ = k(ζeτ ); in particular ζℓ ∈ Ek,G,τ .
Proof. Since the kernel of ϕτ is the centralizer CG(τ), ϕτ (NG(τ)) is the subgroup
of order #(NG(τ)/CG(τ)) of the ℓ-Sylow subgroup of the cyclic group (Z/o(τ)Z)
×.
This already gives ℓ|eτ and we also have
ϕτ (NG(τ)) = 1 +
o(τ)
#(NG(τ)/CG(τ))
Z (mod o(τ)) = 1 + eτZ (mod o(τ)).
Therefore
Hk,G,τ = Gal(k(ζo(τ))/k(ζeτ ))
and
Ek,G,τ = k(ζeτ ) ⊇ k(ζℓ).
Proposition 5.2 (Burnside). A group of order ℓn, whose center has order ℓc, con-
tains a normal abelian subgroup of order ℓν where
ν ≥ −1
2
+
√
2n+ c2 − c+ 1
4
.
In particular, for n = 3, 4 this becomes
ν ≥ n− 1.
Proof. This result is shown in [3, Section 4].
We shall use the above proposition for n = 3, 4. For these values of n the result
actually follows quite easily using standard arguments of the theory of ℓ-groups.
From now on we will use the notation C(n) to denote a cyclic group of order n,
where n is a positive integer.
Lemma 5.3. Let G be a group of exponent ℓ and order ℓn, where n = 3, 4. Then G
is very good and in particular
Rt(k,G) =W (k, ℓ)
ℓ−1
2
ℓn−1 .
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Proof. By Proposition 5.2, there is an exact sequence
1→ C(ℓ)n−1 → G→ C(ℓ)→ 1,
which splits, since the exponent of G is ℓ.
Using Lemma 5.1, we getW(k,G) = W (k, ℓ) ℓ−12 ℓn−1 and the proof of the equality
Rt(k,G) =W(k,G) is straightforward, using Theorem 2.13 and Theorem 3.5 (which
we can apply with G = C(ℓ) and H = C(ℓ)n−1, since C(ℓ) is very good by Theorem
4.4).
Since in particular every x ∈ Rt(k,G) belongs to the right-hand side of the
inclusion of Theorem 3.5, it follows by Theorem 3.5 that G satisfies the second
condition of Definition 2.17.
The above result for n = 3 is actually proved in [1, Corollaire 1.2]. The following
result slightly improves [9, Theorem 3.8].
Proposition 5.4. Let G be a nonabelian group of order ℓn and exponent ℓn−1, where
n > 2 is an integer. Then G is very good and
Rt(k,G) =W (k, ℓ
n−2)
ℓ−1
2
ℓ.
Proof. As it is well known (and easily verified), G can be written as
G = 〈σ, τ : σℓ = τ ℓn−1 = 1, στσ−1 = τ 1+ℓn−2〉.
Clearly 〈τ ℓ〉 equals the center of G, which has therefore order ℓn−2. Let ρ = τaσb ∈ G,
with σb 6= 1 (resp. σb = 1), then τaσb (resp. τ) is an element of the centralizer of
τaσb which is not in the center of G. Thus, for any element ρ ∈ G, the order of
CG(ρ) is strictly larger than that of the center of G and hence #CG(τ) is a multiple
of ℓn−1. Therefore #(NG(τ)/CG(τ)) divides ℓ and
o(ρ)
ℓ
|eρ, i.e. k(ζo(ρ)/ℓ) ⊆ Ek,G,ρ, by
Lemma 5.1.
Hence, using Lemma 2.6 and Lemma 2.7, if ℓ2|o(ρ), then
W (k, Ek,G,ρ)
ℓ−1
2
ℓn
o(ρ) ⊆W (k, o(ρ)/ℓ) ℓ−12 ℓ
n
o(ρ) ⊆W (k, ℓn−2) ℓ−12 ℓ.
If ρ 6= 1 and ℓ2 ∤ o(ρ), i.e. o(ρ) = ℓ, then by Lemma 5.1 we must have Ek,G,ρ = k(ζℓ).
Hence, again using Lemma 2.6 and Lemma 2.7,
W (k, Ek,G,ρ)
ℓ−1
2
ℓn
o(ρ) =W (k, ℓ)
ℓ−1
2
ℓn−1 ⊆ W (k, ℓn−1) ℓ−12 ℓ ⊆W (k, ℓn−2) ℓ−12 ℓ.
Further, we have NG(τ) = G and CG(τ) = 〈τ〉 and therefore, by Lemma 5.1,
W (k, Ek,G,τ)
ℓ−1
2
ℓn
o(τ) = W (k, ℓn−2)
ℓ−1
2
ℓ.
Therefore
W(k,G) =
∏
ρ∈G∗
W (k, Ek,G,ρ)
ℓ−1
2
ℓn
o(ρ) =W (k, Ek,G,τ)
ℓ−1
2
ℓ.
We easily conclude by Theorems 2.13, 3.5 and 4.4, as in the proof of Lemma 5.3.
Lemma 5.5. Let G be a nonabelian group of order ℓ4 and exponent ℓ2. Let τ ∈
G be of order ℓ2 and such that #(NG(τ)/CG(τ)) is maximal. Then W(k,G) =
W (k, Ek,G,τ)
ℓ−1
2
ℓ2.
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Proof. For any σ ∈ G of order ℓ, using Lemma 5.1, Lemma 2.7 and Lemma 2.6, we
have
W (k, Ek,G,σ)
ℓ−1
2
ℓ4
o(σ) = W (k, ℓ)
ℓ−1
2
ℓ3 ⊆W (k, ℓ2) ℓ−12 ℓ2 ⊆W (k, Ek,G,τ) ℓ−12 ℓ2 .
Further for any σ ∈ G of order ℓ2 we have #(NG(σ)/CG(σ)) ≤ #(NG(τ)/CG(τ)),
i.e., by Lemma 5.1, Ek,G,σ ⊇ Ek,G,τ , and hence, by Lemma 2.6,
W (k, Ek,G,σ) ⊆W (k, Ek,G,τ).
Therefore
W(k,G) =
∏
ρ∈G∗
W (k, Ek,G,ρ)
ℓ−1
2
ℓ4
o(ρ) = W (k, Ek,G,τ)
ℓ−1
2
ℓ2 .
Lemma 5.6. Let G be a (nonabelian) group of order ℓ4 and exponent ℓ2. Then there
exists a normal abelian subgroup H of order ℓ3 and an element τ ∈ G of order ℓ2
maximizing #(NG(τ)/CG(τ)), such that we have one of the following possibilities:
1. τ ∈ H and G ∼= H ⋊ C(ℓ).
2. G ∼= 〈τ〉⋊ C(ℓ2).
3. τ 6∈ H and there exists σ1 ∈ NG(τ) \ 〈τ〉 of order ℓ, which acts trivially (resp.
nontrivially) on τ if NG(τ) = CG(τ) (resp. if NG(τ) 6= CG(τ)).
Proof. Let σ ∈ G be an element of order ℓ2, which maximizes #(NG(σ)/CG(σ));
since, by Lemma 5.1, ℓ divides
eσ =
o(σ)
#(NG(σ)/CG(σ))
=
ℓ2
#(NG(σ)/CG(σ))
,
we have that #(NG(σ)/CG(σ)) divides ℓ. We will study separately the cases #CG(σ) ≥
ℓ3 and #CG(σ) = ℓ
2.
• If #CG(σ) ≥ ℓ3, then we set H to be a subgroup of order ℓ3 of CG(σ) containing
σ. Clearly H is abelian and normal, being of index ℓ, and we have an exact
sequence
1→ H → G→ C(ℓ)→ 1. (3)
There are three cases, corresponding to the three possibilities in the statement
of the lemma.
1. Sequence (3) splits. Then we set τ = σ ∈ H and we have G ∼= H ⋊ C(ℓ).
2. Sequence (3) does not split and #(NG(σ)/CG(σ)) = ℓ. In this case
NG(σ) = G, CG(σ) = H and we consider an element ρ ∈ G \ H . If
#〈σ, ρ〉 = ℓ3, then 〈σ, ρ〉 ∼= C(ℓ2) ⋊ C(ℓ) and there would exist an ele-
ment of order ℓ in NG(σ) \CG(σ) = G \H , contradicting the assumption
that (3) does not split. Therefore 〈σ, ρ〉 = G and, setting τ = σ, we get
G = 〈τ〉⋊ 〈ρ〉.
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3. Sequence (3) does not split and #(NG(σ)/CG(σ)) = 1. In this case, by the
assumption of maximality, an analogous condition holds for every element
of order ℓ2. So we can take τ to be any element not in H , since it must
be of order ℓ2 because of the nonsplitting of (3). Further let H˜ be a
subgroup of order ℓ3 of NG(τ) = CG(τ) (which has order at least ℓ
3, since
τ is of order ℓ2) and containing τ . Clearly H˜ is abelian and we can find
an element σ1 of order ℓ in H˜ \ 〈τ〉 ⊆ NG(τ) \ 〈τ〉. In particular σ1 acts
trivially on τ .
• If #CG(σ) = ℓ2, i.e. CG(σ) = 〈σ〉, then #NG(σ) = ℓ3, since it must be
at least ℓ3, being strictly larger than 〈σ〉, and NG(σ) cannot be G, since
#(NG(σ)/CG(σ)) divides ℓ. By Proposition 5.2 there exists an abelian sub-
group H < G of order ℓ3. Clearly σ 6∈ H , since #CG(σ) = ℓ2. Further NG(σ)
is nonabelian of order ℓ3 and exponent ℓ2, so there exists σ1 ∈ NG(σ) \ 〈σ〉 of
order ℓ, acting nontrivially on σ. Hence we are again in case 3, taking τ = σ.
Lemma 5.7. Let G be of the first or second type described in Lemma 5.6. Then G
is very good and
Rt(k,G) = W (k, Ek,G,τ)
ℓ−1
2
ℓ2 ,
where τ ∈ G is as in Lemma 5.6.
Proof. By Lemma 5.5, we have W(k,G) =W (k, Ek,G,τ) ℓ−12 ℓ2. By Theorem 3.5, with
G = C(ℓ) or C(ℓ2) (note that both are very good groups by Theorem 4.4), we obtain
W(k,G) = W (k, Ek,G,τ) ℓ−12 ℓ2 ⊆ Rt(k,G).
The opposite inclusion is given by Theorem 2.13. The second condition of the defi-
nition of very good groups is immediate, as in the proof of Lemma 5.3.
Lemma 5.8. Let G be of the third type described in Lemma 5.6. Then G is very
good and
Rt(k,G) = W (k, Ek,G,τ)
ℓ−1
2
ℓ2 ,
where τ ∈ G is as in Lemma 5.6.
Proof. By hypothesis there exists a normal abelian subgroup H of G of order ℓ3
and an element τ ∈ G \ H of order ℓ2 maximizing #(NG(τ)/CG(τ)). We can also
find an element σ1 ∈ NG(τ) \ 〈τ〉 of order ℓ and acting trivially on τ if and only if
NG(τ) = CG(τ). Let G be the subgroup of G generated by σ1 and τ , which must be
of the form C(ℓ2)⋊C(ℓ), possibly with trivial action. Clearly there exists an integer
a such that σ1τσ
−1
1 = τ
1+aℓ (since the order of the conjugation divides ℓ). Since
τ 6∈ H , we have that τH generates G/H ; in particular, σ1 = στ b, for some σ ∈ H∗
(not necessarily of order ℓ) and b ∈ N. We also have
στσ−1 = τ 1+aℓ.
For later use, we note that, since G has order ℓ3 and exponent ℓ2, there must exist
c ∈ {0, 1, . . . , ℓ− 1} such that σℓ = τ cℓ (an easy calculation shows that c = −b, but
we won’t need it), so that we have
G = 〈σ, τ : τ ℓ2 = σℓτ−cℓ = 1, στσ−1 = τ 1+aℓ〉.
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We now consider the (abstract) group G˜, generated by σ˜ and τ˜ , satisfying the same
relations as σ and τ in G. We also consider the element σ˜1 ∈ G˜, corresponding to
σ1 ∈ G.
We define an action µ : G˜ → Aut(H) by setting, for any h ∈ H ,{
µ(τ˜)(h) = τhτ−1
µ(σ˜)(h) = σhσ−1 = h.
We consider the semidirect product
G˜ = H ⋊µ G˜.
For every couple h1, h2 of elements of H , we want to define a surjective homomor-
phism π : G˜→ G, such that π(h1τ˜ ) and π(h2τ˜ ) are both of order ℓ2 and ker(π) ∩H
is trivial. There are two cases:
1. For every h ∈ H , hτ is of order ℓ2.
In this case we define π : G˜ → G by removing tildes. Then π is clearly a
surjective homomorphism, π(hτ˜) = hτ has order ℓ2 for any h ∈ H and ker(π)
has trivial intersection with H .
2. There exists an element h0 ∈ H such that h0τ is of order ℓ.
Note that in this case, if for example h1 = h0, we cannot define π simply by
removing tildes because π(h0τ˜ ) = h0τ would have order ℓ. Then we proceed as
follows: by assumption,
(h0τ)
ℓ =
(
ℓ−1∏
i=0
τ ih0τ
−i
)
τ ℓ = 1, i.e.
ℓ−1∏
i=0
(τ ih0τ
−i) = τ−ℓ.
It follows that, for any j ∈ Z,
(hj0τ)
ℓ =
(
ℓ−1∏
i=1
τ ihj0τ
−i
)
τ ℓ =
(
ℓ−1∏
i=1
τ ih0τ
−i
)j
τ ℓ = τ ℓ(1−j).
Now, for any j ∈ Z, we want to define a homomorphism πj : G˜→ G by setting

πj(τ˜ ) = h
j
0τ
πj(σ˜) = σ
1−j
πj(h) = h, ∀h ∈ H.
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We have to verify that the definition is compatible with the relations of G˜:
πj(σ˜)πj(τ˜ )πj(σ˜
−1) = σ1−jhj0τσ
−(1−j) = hj0σ
1−jτσ−(1−j)
= hj0τ
1+aℓ(1−j) = hj0τ(h
j
0τ)
aℓ = (hj0τ)
1+aℓ
= πj(τ˜
1+aℓ);
πj(τ˜)πj(h)πj(τ˜
−1) = hj0τhτ
−1h−j0 = τhτ
−1
= πj(τhτ
−1);
πj(σ˜)πj(h)πj(σ˜
−1) = σ1−jhσ−(1−j) = h
= πj(h);
πj(σ˜)
ℓ = σ(1−j)ℓ = τ cℓ(1−j) = (hj0τ)
cℓ
= πj(τ˜)
cℓ;
πj(τ˜)
ℓ2 = (hj0τ)
ℓ2 = τ ℓ
2(1−j) = 1
= πj(1).
So, for any j ∈ Z, πj : G˜ → G is indeed a homomorphism, which is clearly
surjective and whose kernel has trivial intersection with H . Now let h1, h2 be
two elements in H . We want to choose j such that πj(h1τ˜ ) and πj(h2τ˜) are
both of order ℓ2. For i = 1, 2, we can find h′i ∈ H such that (hiτ˜)ℓ = h′iτ˜ ℓ.
Then, for i = 1, 2,
πj(h
′
iτ˜
ℓ) = h′i(h
j
0τ)
ℓ = h′iτ
ℓ(1−j).
Since h′iτ
ℓ(1−j1) 6= h′iτ ℓ(1−j2) if j1 6≡ j2 (mod ℓ), we have at least ℓ − 1 ≥ 2
choices for j such that πj(h
′
1τ˜
ℓ) 6= 1. Among those choices, at least ℓ − 2 ≥ 1
give also πj(h
′
2τ˜
ℓ) 6= 1.
Hence, in both cases, for every couple h1, h2 of elements of H , we have defined a
projection π : G˜ → G, such that π(h1τ˜) and π(h2τ˜ ) are of order ℓ2 and ker(π) has
trivial intersection with H . With this in mind, we start constructing the extensions
needed to prove the lemma.
Let k be a number field, let x ∈ W (k, Ek,G,τ) and let s be a positive multiple of
ℓ3 (this hypothesis will be used later to apply Lemma 3.3). Since ℓ is an odd prime,
there exist integers A,B > 1 such that
ℓA+ 2(ℓ+ 1)B ≡ 1 (mod o(x))
and, in particular, we have
xℓA+2(ℓ+1)B = x.
By Lemma 3.2 there exists a tame C(ℓ)-Galois extension k˜0/k ramified only at
principal ideals and satisfying P (s). Since G˜ = 〈τ˜〉⋊〈σ˜1〉, possibly with trivial action,
and thanks to our assumption on σ1, we have x ∈ W (k, Ek,G,τ) = W (k, Ek,G˜,τ˜ ). So
we can apply Lemma 3.3 (with xτ˜ = x, xρ˜ = 1 for every ρ˜ ∈ 〈τ˜ 〉∗ \ {τ˜}, Aτ˜ = 0
and Bτ˜ = B) and construct a tame C(ℓ
2)-Galois extension k˜1/k˜0, such that k˜1/k is
G˜-Galois and it satisfies the following conditions.
• The only nonprincipal prime ideals of k ramifying in k˜1/k˜0 are p1, p2 in the
class of xB and the inertia group of every prime of k˜1 dividing these pi is 〈τ˜ 〉
in G˜ = Gal(k˜1/k) (〈τ˜〉 is invariant by conjugation, since it is normal in G˜);
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• k˜1/k˜0 satisfies P (s).
Now we want to construct an H-Galois extension K˜/k˜1. By Lemma 2.6 and Lemma
5.1, we have x ∈ W (k, Ek,G,τ) ⊆ W (k, ℓ) = W (k, Ek,G˜,ρ) for every ρ ∈ H of order ℓ.
Hence again we can use Lemma 3.3 (with xρ0 = x, for a certain ρ0 ∈ H∗ of order
ℓ, xρ = 1 for every ρ ∈ H∗ \ {ρ0}, Aρ0 = A and Bρ0 = 0) to find a tame H-Galois
extension K˜/k˜1, such that K˜/k is G˜-Galois and satisfies the following conditions.
• The only nonprincipal prime ideals of k ramifying in K˜/k˜1 are p3, . . . , pA+2 in
the class of x and the inertia group of every prime of K˜ dividing these pi is
generated by a conjugate of ρ0 in G˜ = Gal(K˜/k).
• K˜/k˜1 satisfies P (s) (in particular it follows that {p1, p2}∩{p3, . . . , pA+2} = ∅).
Let us consider two prime ideals P˜1 and P˜2 of K˜ dividing p1 and p2 respectively.
Their inertia groups in the extension K˜/k must be generated by elements of the form
hiτ˜ for some hi ∈ H , i = 1, 2. We consider a projection π : G˜→ G for which π(h1τ˜)
and π(h2τ˜ ) are both of order ℓ
2 and such that ker(π) has trivial intersection with H .
We call K the fixed field of ker(π). By construction the ramification index of p1 and
p2 in K/k is ℓ
2. Further the inertia group of the primes of K˜ dividing p3, . . . , pA+2
lies in H , which has trivial intersection with ker(π). Therefore p3, . . . , pA+2 ramify
in K/k, with ramification index ℓ and all the other ramifying primes are principal.
Hence the discriminant of K/k is
d(K/k) = (p1p2)
(ℓ2−1)ℓ2
A+2∏
i=3
p
(ℓ−1)ℓ3
i I
2,
where I is a principal ideal. Hence, by [8, Theorem 2.1], the Steinitz class is
st(K/k) = xB(ℓ
2−1)ℓ2+A ℓ−1
2
ℓ3 = x
ℓ−1
2
ℓ2(2(ℓ+1)B+ℓA) = x
ℓ−1
2
ℓ2 .
Hence, recalling also Lemma 5.5, we have
W(k,G) = W (k, Ek,G,τ) ℓ−12 ℓ2 ⊆ Rt(k,G),
We conclude, by Theorem 2.13, that
Rt(k,G) =W(k,G).
As in the proof of Lemma 5.3, the second condition of Definition 2.17 holds, since
the extensions we have constructed all satisfy P (s′) for every s′ dividing s.
Theorem 5.9. Let ℓ be an odd prime. Then every group of order dividing ℓ4 is very
good. In particular
Rt(k,G) =W(k,G).
Proof. If G is abelian, the theorem is a consequence of Theorem 4.4. So suppose
that G is nonabelian. If G is of exponent ℓ, then the theorem follows from Lemma
5.3. If G is of order ℓn and exponent ℓn−1, for n = 3, 4, then the result is given
by Proposition 5.4. We are therefore left with the case where G has order ℓ4 and
exponent ℓ2 and we conclude by Lemma 5.6, Lemma 5.7 and Lemma 5.8.
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